In the search for quantum spin liquids, candidate materials for the Kitaev model and its extensions have been intensively explored during the past decade, as the models realize the exact quantum spin liquids in the ground state. Thus far, insulating magnets in the low-spin d 5 electron configuration under the strong spin-orbit coupling have been studied for realizing the Kitaev-type bond-dependent anisotropic interactions between the spin-orbital entangled Kramers doublets. To extend the candidates, here we investigate the systems in a high-spin d 7 electron configuration, whose ground state is described by the spin-orbital entangled Kramers doublet. By the secondorder perturbation in terms of the t 2g -t 2g and t 2g -e g hoppings, we show that the effective spin model possesses the anisotropic Kitaev interactions as well as the isotropic Heisenberg ones. While the Kitaev interaction is always ferromagnetic, the Heisenberg interaction can become either ferromagnetic or antiferromagnetic depending on the Coulomb interactions and the crystalline electric fields. We also derive the effective model for the low-spin d 5 electron configuration within the same perturbation scheme, in which the Kitaev interaction becomes both ferromagnetic and antiferromagnetic, while the Heisenberg one always ferromagnetic. Referring to the previous study for the Kitaev 
I. INTRODUCTION
The quantum spin liquid (QSL) is an exotic state of matter in insulating magnets [1] [2] [3] [4] . They do not show any long-range order in the sense of the Landau theory down to zero temperature, whereas they may host a long-range quantum entanglement. The exotic states have attracted much attention because of the unusual properties, such as the fractionalization of spin degrees of freedom [5] and emergent anyonic quasiparticles in two-dimensional systems [6, 7] .
The Kitaev model is a canonical model providing such QSLs in the exact ground states [7] . It is a quantum spin S = 1/2 model defined on a honeycomb lattice, whose Hamiltonian is given by Here, each sum is taken for the nearest-neighbor µ bonds on the honeycomb lattice, where µ = x, y, z represents one of three different bond directions on the tri-coordinate lattice; S µ i denotes the µ component of S = 1/2 spin operator at site i, and J µ is the coupling constant. The Hamiltonian consists of the Ising-type anisotropic interactions whose spin components depend on the bond directions. Remarkably, the ground state of this quantum spin model is exactly obtained because the model has macroscopic number of the constants of motion and can be mapped to a free Majorana fermion problem [7] . The exact ground state is shown to be a QSL with extremely shortrange spin correlations (nonzero only for the nearest neighbors as well as the same sites) [8] . In the QSL, a quantum spin S = 1/2 is fractionalized into emergent quasiparticles: itinerant Majorana fermions and static Z 2 fluxes [7] .
The Kitaev-type bond-dependent anisotropic interactions in Eq. (1) are argued to potentially realize in materials with strong entanglement between the spin and orbital degrees of freedom [9] . Suppose the atomic state is in the low-spin d 5 electron configuration in the t 2g manifold under the octahedral crystalline electric field (CEF) with the strong spin-orbit coupling (SOC), the lowest-energy multiplet is given by the spin-orbital entangled Kramers doublet, denoted by the pseudospin J eff = 1/2. When such octahedra share their edges, the second-order perturbation in terms of hopping processes via the neighboring ligand ions leads to the Kitaev-type interaction between the pseudospin J eff = 1/2 moments, because of quantum interference between different perturbation processes [9] . In reality, other interactions, such as the Heisenberg exchange interaction and further-neighbor interactions, coexist with the Kitaev interactions. Such a situation is described by extended Kitaev models [10] [11] [12] [13] [14] [15] , which have been intensively studied for understanding of the candidate materials, such as Ir and Ru compounds [16] [17] [18] [19] [20] [21] [22] .
Thus, the necessary conditions for the Kitaev interactions are (i) the effective pseudospin degree of freedom arising from the spin-orbital entanglement by the strong SOC and (ii) the orbital-dependent hopping processes suffering from quantum interference. These ingredients are not necessarily limited to the low-spin d 5 electron configuration with edge-sharing octahedra. Nevertheless, most of the previous studies were restricted to the d 5 compounds, except for a recent attempt for rare-earth materials [23] . For extending the material quest for the Kitaev-type QSL, it is intriguing to pursuit the possibility of the Kitaev interactions in other electron configurations.
In this paper, we theoretically propose another situation potentially relevant to a realization of the Kitaev-type interaction. We consider the high-spin d 7 electron configuration under the octahedral CEF and the strong SOC, which results in the spin-orbital entangled Kramers doublet [24] . Regarding this doublet as the pseudospin degree of freedom, we derive an effective Hamiltonian in the strong coupling limit by the second-order perturbation theory in terms of the d-p-d hoppings for the edge-sharing configuration similar to that considered for the low-spin d 5 case. We find that the effective Hamiltonian includes both the Kitaev-type bond-dependent anisotropic interaction and the isotropic Heisenberg interaction, called the Kitaev-Heisenberg model [10] . We show that the coupling constants depend on the Coulomb interactions and the crystalline electric fields from ligand ions, and interestingly, the Heisenberg interaction can become both ferromagnetic and antiferromagnetic, while the Kitaev one is always ferromagnetic. We also derive an effective model for the low-spin d 5 case within the similar perturbation scheme; in this case, the Kitaev interaction can be both ferromagnetic and antiferromagnetic, while the Heisenberg one is always ferromagnetic. By mapping the results in the literature [10, 11] , we show the ground-state phase diagrams for both the d 7 Following the previous study for the low-spin d 5 electron configuration in Ref. [9] , we consider the edge-sharing network of MX 6 octahedra (M and X are a transition metal and a ligand, respectively) comprising a honeycomb network of M cations. To derive a low-energy effective Hamiltonian for d electrons of M cations on the honeycomb network, we begin with a multi-orbital Hubbard model for the d electron manifold. The Hamiltonian is composed of four terms as
where H CEF denotes the CEF, H int the Coulomb interactions between d electrons, H SOC the SOC, and H hop the electron hopping. For the first term H CEF in Eq. (2), we take into account the octahedral CEF, which splits d levels into the e g and t 2g manifolds (see Fig. 1 ). The higher-energy e g manifold is composed of d 3z 2 −r 2 and d x 2 −y 2 orbitals, while the lower-energy t 2g manifold is composed of d yz , d zx , and d xy . Then, the CEF term is given in the form
where ∆ > 0 denotes the energy difference between the e g and t 2g manifolds, and we set the energy for the t 2g manifold at 
where n iα = σ n iασ , and c iασ (c † iασ ) is the annihilation (creation) operator of an electron in orbital α with spin σ at site i. Here, U, U ′ , J, and J ′ denote the intra-orbital Coulomb repulsion, the inter-orbital Coulomb repulsion, the Hund's-rule coupling, and the pair-hopping interaction, respectively (U, U ′ , J, and J ′ are all taken to be positive). As all the bases ξ, η, ζ, u, and v are described by the real wave functions, the relation J = J ′ holds. For simplicity, we assume the spherical rotational symmetry for the d orbitals, which assures the
Atomic d levels splitting into two groups under the octahedral CEF ∆: e g levels at a higher energy and t 2g levels at a lower energy. The d 7 electron configuration can take either high-spin (middle) or low-spin state (right), depending on the strength of Coulomb interactions and ∆.
In the following, we focus on the case in which each transition metal cation has seven d electrons on average (d 7 state), while in Sec. III B we also revisit the case with five d electrons studied previously [9] . In the atomic limit, i.e., H hop = 0 in Eq. (2), the d 7 state can take either high or low-spin configuration, depending on the parameters U, J, and ∆. The high-spin state (twelvefold degenerate) is represented as t Fig. 1 ). In this study, we consider the situation that the high-spin state has a lower energy than the low-spin state, as the SOC is ineffective for the latter. Such a situation is realized under the conditions
When we restrict ourselves to the high-spin twelvefold manifold, H SOC in Eq. (2) is given in the form
where λ > 0 denotes the SOC constant;L i denotes the fictitious orbital angular momentum operator for the basis of 4 T 1g representation at site i [25] , andS i = P α s iα P † denotes the spin angular momentum operator of S = 3/2 at site i (s iα denotes the spin operator for an electron in the α orbital at site i and P is a projection operator onto the Hilbert space of S = 3/2). The matrix form ofL for the basis for T 1g irreducible representation is given bỹ
The SOC acts on the Hilbert space spanned by
reducible representation with the z component ofS,S z , and µ = x, y, z: each basis is explicitly given as
where |0 means the vacuum of d electrons, and the states such as |S z , y and |S z , z can be obtained by cyclic permutations of ξ, η, and ζ in Eqs. (10)- (13), i.e., {ξηζ} → {ηζξ} and {ζξη} for |S z , y and |S z , z , respectively.
B. Kramers doublet
In the atomic state with the high-spin d 7 configuration, H SOC splits the twelvefold t (5); the high-spin state with twelvefold degeneracy is split off from other higher-energy levels. The right panel shows the splitting of the twelvefold levels by the SOC in Eq. (6). The lowest-energy levels are twofold degenerate, which comprise the Kramers doublet described by Eqs. (14) and (15). energy one is doublet, described by
It is worth noting that the two states in Eqs. (14) and (15) comprise a time-reversal Kramers pair:
where Θ is the time-reversal operator satisfying
where χ ∈ C and σ = ±1. When we defineJ µ =L µ +S µ (µ = x, y, z), the Kramers doublet |± satisfy the following relations:
whereJ ± =J x ± iJ y . These relations allow us to regardJ as a fictitious angular momentum operator acting on the pseudo spin-half space described by |± . The situation is similar to the so-called J eff = 1/2 states discussed for the low-spin d 5 configuration [9] , but the pseudo spin-half states |± for the current d 7 situation are different from those for the d 5 state. Thus, we end up with the low-energy Kramers doublet |± for the high-spin d 7 state, which can be treated as the pseudo spin-half degrees of freedom. This is achieved by considering the situation with U, J, ∆ ≫ λ in the atomic limit of H hop = 0 under the conditions in Eq. (5). In the next subsection, we show how to derive an effective low-energy Hamiltonian by introducing H hop as a perturbation. For the hopping term H hop in Eq. (2), we take into account the electron transfers between neighboring M cations mediated by the ligands shared by the neighboring MX 6 octahedra. The explicit form depends on the M-M bond direction because of the spatial anisotropy of d orbitals as well as p orbitals in the ligands. The situation is similar to the previous study for the low-spin d 5 state [9] . For instance, for a bond lying on the xy plane as shown in Fig. 3 , which we call the z bond, the electron transfers have nonzero values between d yz and d zx orbitals via p z orbitals [ Fig. 3(a) Fig. 3(b) ]: all the other combinations vanish from the symmetry. Thus, the hopping term for the z bond is given in the form
Here, t ξη and t ζu are represented in terms of the p-d hopping integrals as
where (pdπ) and (pdσ) are the Slater-Koster parameters [26] and ∆ pd describes the energy difference between p and d levels (we assume ∆ ≪ ∆ pd ). For other bond directions, the hopping term is obtained by cyclic permutations of x, y, and z, and H hop is given by the sum
Taking the Kramers doublet |± as the ground states of the Hamiltonian in Eq. (2) in the atomic limit at each site, we perform the second-order perturbation in terms of electron hopping given by Eq. (21) . Following the standard perturbation theory, the effective Hamiltonian for a z bond connecting sites i and j is in general described as (28) and (29)]. Note that the configuration interaction always vanishes for the t 2g -t 2g hoppings.
III. RESULT
In this section, we present the low-energy effective Hamiltonian for the pseudo spin-half degree of freedom for the highspin d 7 system obtained by the perturbation theory in the previous section. We also derive the effective Hamiltonian for the low-spin d 5 case in the similar perturbation scheme. In both cases, we obtain the Kitaev-Heisenberg Hamiltonian [10, 11] :
where
The first term in Eq. (24) In the high-spin d 7 case, we obtain the coupling constants for the Kitaev and Heisenberg terms as
respectively. The first terms proportional to t 2 ξη in both Eqs. (25) and (26) originate from the hopping processes between t 2g orbitals, and the second ones proportional to t 2 ζu are from the hopping processes between t 2g and e g orbitals. We find that the Kitaev interaction in Eq. (25) is always ferromagnetic, J K < 0, for the parameter range considered here, while the Heisenberg interaction J H in Eq. (26) can be both ferromagnetic and antiferromagnetic. Note that the SOC λ does not appear in the expressions as we omit the energy splitting by λ in the intermediate states in the perturbations. Figure 4 shows the ground-state phase diagram for the Kitaev-Heisenberg model for the high-spin d 7 case given by Eq. (23) with Eqs. (25) and (26) . The result is obtained by referring the previous result in Ref. [11] : for convenience, we present the previous result in the inset where the parameter ϕ is defined as
Here, we set t ζu /t ξη = 2 by using the relation (pdσ)/(pdπ) ≈ −2 [27] . The shaded range of ϕ in the inset indicates the physically-reasonable parameter range for our d 7 model, which is limited by the two conditions in Eq. (5). In the main panel of Fig. 4 , the gray region represents J/U > 1/3 and the white region ∆/J > √ 22 − 1.
As shown in Fig. 4 , the Kitaev-Heisenberg model for the high-spin d 7 state exhibits four different phases: three magnetically ordered phases and a QSL phase. In the small ∆ and J region, the system shows the Néel-type antiferromagnetic order, while it is replaced by the stripy order by increasing J. With a further increase of J, the system turns into the ferromagnetic state, but before entering it, there is a window for the QSL between the stripe and ferromagnetic phases. Thus, the high-spin d 7 case provides another chance to realize the QSL, in addition to the low-spin d 5 case studied so far.
For comparison, we here derive the effective Hamiltonian for the low-spin d 5 case by using the similar framework of the perturbation. We note that such Hamiltonian was already derived in the previous study [9] , but the full form was not shown explicitly in the literature: the effective Hamiltonian was shown for the case with considering only the first term of Eq. (19) in the perturbation. Meanwhile, the effective Hamiltonian arising from the second term of Eq. (19) was derived in the limit of J/U ≪ 1 in Ref. [11] , but the contributions from the first term were omitted. We here present the full form of the effective Hamiltonian by including both the first and second terms in Eq. (19) . By neglecting the configuration interactions for simplicity, we obtain the coupling constants as . We take t ζu /t ξη = 2. The white region indicates the parameter range where the system is in the low-spin state in the atomic limit. The gray region represents the parameter range out of the conditions in Eq. (5). The inset shows the phase diagram obtained in Ref. [11] : the colors correspond to those in the main panel. The green, orange, yellow, purple, and red regions correspond to the zigzag, ferromagnetic (FM), stripy, Néel, and QSL phases. The shaded range of ϕ in the inset represents the physically-reasonable parameter range for the d 
The first term proportional to t 2 ξη in Eq. (28) is equivalent to the expression shown in Ref. [9] . In addition, the second term of Eqs. (28) and (29) are both consistent with the expressions in Ref. [11] in the limit of J/U ≪ 1. When we take t ζu /t ξη = 2 as in the d 7 case above, we find that the Kitaev interaction can be both ferromagnetic and antiferromagnetic, while the Heisenberg interaction is always ferromagnetic, J H < 0.
As in the d
7 case, we obtain the ground-state phase diagram for the effective Kitaev-Heisenberg model for the d 5 case with Eqs. (28) and (29) . In the calculations, we numerically estimate J K and J H by taking into account the configuration interactions in the intermediate states. (28) and (29) . The result is obtained by referring the previous result in Ref. [11] as in the d 7 case in the previous subsection. The shaded range of ϕ in the inset indicates the physically-reasonable parameter range for our d 5 model, which is limited by two conditions: E n − E 0 < 0 for an intermediate state |n (the gray region in Fig. 5 ) and ∆/J < √ 70/3 for assuring the low-spin state (the white region in Fig. 5 ). As shown in Fig. 5 In order to look closer how the interactions change, we plot the values of J K and J H (in units of t 2 ξη /U) for several J/U in the d 7 case in Fig. 6(a) . As mentioned in Sec. III A, the Kitaev interaction J K is always negative (ferromagnetic), while the Heisenberg interaction J H changes its sign from negative (ferromagnetic) to positive (antiferromagnetic) as ∆/U increases. In the QSL region (thick lines in the plot), J H almost vanishes and J K becomes dominant. We plot the ratio between J H and J K in Fig. 6(b) , which also changes the sign and is minimized in the QSL region.
In the d 5 case, J K can be both positive and negative, but the region for J K > 0 is limited to small J/U and ∆/U. Meanwhile, J H is always negative and never vanishes, in contrast to the d 7 case. We plot the typical values of J K and J H in Fig. 7(a) . The ratio J H /J K is plotted in Fig. 7(b) , which is positive in this range in contrast to the d 7 case in Fig. 6(b Figs. 6(a) and 7(a) , assuming that the energy unit t 2 ξη /U is roughly the same in both cases. The magnitude of J K determines the temperature and energy scales, where a salient feature of the Kitaev QSL, the fractionalization of quantum spins into Majorana fermions, sets in [28] . Hence, the larger J K may makes the high-spin d 7 systems more suitable to observe the spin fractionalization in the Kitaev QSL. 
V. SUMMARY
In summary, we have proposed a platform for the Kitaev QSL by considering the high-spin d 7 electron configuration. The atomic ground state of the d 7 case comprises the spinorbital entangled Kramers pair, which is different from the one considered for the low-spin d 5 case in the previous studies. Using the perturbation in terms of d-p-d hoppings for edgesharing octahedra, we showed that the effective spin model in the strong coupling limit gives rise to the Kitaev-Heisenberg model. Referring the previous study [11] , we constructed the ground-state phase diagram for this d 7 model as a function of the Hund's-rule coupling and the crystalline electric field splitting. We found that the model exhibits the QSL phase in the physically-reasonable parameter range, in addition to three magnetically ordered phases. Thus, our results extend the candidates for the Kitaev QSL, beyond the low-spin d 5 compounds studied thus far.
For comparison, we have also studied the ground-state phase diagram for the effective model for the low-spin d 5 electron configuration derived by a similar perturbation. We found that the d 7 case exhibits richer phases than the d 5 case. This is due to the parameter dependences of the Kitaev and Heisenberg interactions, J K and J H , respectively. In the d 7 case, J K is always ferromagnetic, while J H can be either ferromagnetic (28) and (29) 2+ and Ni 3+ cations. In the 3d electron systems, the spin-orbit coupling is weaker compared to the 4d and 5d cases, but the strong electron correlations are preferable to stabilize the high-spin configuration. Our results will stimulate such material search for extending the physics of Kitaev QSLs.
Note added. During writing the manuscript, we noticed that a similar scenario has been proposed independently by Liu and Khaliullin [29] .
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